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Abstract

In this paper, we address the brachistochrone problem using Dy-
namic Programming and an extension that accounts for forbidden
regions or obstacles. The brachistochrone problem seeks the curve
of fastest descent under gravity between two points, minimizing
travel time. While traditional approaches derive the cycloidal curve
as the solution using calculus of variations, this work employs a
discrete, grid-based Dynamic Programming formulation to approx-
imate the optimal trajectory. Computational experiments showcase
the method’s flexibility, particularly in adapting to constraints such
as forbidden regions, and its ability to dynamically recalculate paths.
Despite some limitations in angular resolution due to discretization,
the proposed approach demonstrates robustness and scalability in
addressing constrained trajectory optimization problems. More-
over, this project lays the groundwork for extending the proposed
methodology to more complex scenarios, such as incorporating ran-
domness into the trajectory, where the adaptability of this approach
can be effectively leveraged.
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1 Introduction

The brachistochrone problem, first posed by [1] in 1696, asks: given
two points, A and B, in a vertical plane, what curve will a particle,
moving solely under the influence of gravity, trace to travel from
A to B in the shortest possible time? This problem, graphically
illustrated in Figure 1, led to significant advances in physics and
mathematics and was initially solved by Bernoulli and other promi-
nent mathematicians of that era, such as Newton, Leibniz, Huygens,
and L’Hospital, who identified the cycloidal curve as the solution
for the shortest travel time. Since then, the brachistochrone prob-
lem has been studied and applied in different theoretical contexts,
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such as the calculus of variations and the optimal control theory
[21].

Building on these foundational studies and practical applica-
tions, significant advances have been made in exploring the brachis-
tochrone problem in various fields. As highlighted by [7] and [8], it
can be used, for example, in optimizing rocket maneuvers to reduce
energy consumption, determining the shortest paths in transport
networks, designing ideal tracks for drag racing and athletics com-
petitions, and developing advanced algorithms for computer graph-
ics and engineering simulations. Moreover, the brachistochrone has
applications in autonomous navigation and control systems, where
minimizing travel time is essential for the efficiency and safety of
vehicles and drones. Another practical example is its use in sports
competitions, such as skiing, where the optimized trajectory to
minimize travel time can offer a competitive advantage.
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Figure 1: Illustration of the brachistochrone problem.

Several advances in the study of the brachistochrone problem
have occurred over the past several decades. In the 1970s, the work
of [13] applied principles of energy conservation to model speed
and used Dynamic Programming (DP) to optimize the trajectory,
employing the successive sweep method to divide the path into
intervals and perform optimization. In the 2000s, [14] introduced a
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discretization approach that divided the path into linear segments,
adjusting the heights of the points to minimize the total travel
time. The author used a technique based on DP, called Coarse-
to-Fine (CFDP), which increased precision without compromising
computational efficiency.

Another way to solve this problem was explored by [5], where
authors used the Sequential Quadratic Programming (SQP) method
to solve the brachistochrone problem in a scenario with viscous
friction, iteratively adjusting the trajectory to account for frictional
forces. Later, in [6], the authors combined DP with interior point
methods to solve optimal control problems with constraints, apply-
ing these concepts to the friction-brachistochrone problem, which
simplified the calculation of Lagrange multipliers and improved
the efficiency of the solution. [16] addressed the case of a rolling
sphere using non-linear optimization techniques, modeling the tra-
jectory to ensure rolling without slipping. More recently, in [11],
the authors addressed the problem with a maximum curvature con-
straint, something of great relevance for practical applications such
as vehicle dynamics and robotics. Using Pontryagin’s Maximum
Principle, they managed to respect the curvature constraints while
minimizing travel time. Then, [4] extended the brachistochrone
problem by including constraints on the angle of inclination of the
trajectory, also applying Pontryagin’s Maximum Principle to opti-
mize the path in scenarios with viscous friction. The most recent
work [12] adapted the problem to the field of quantum physics,
creating the concept of a "quantum brachistochrone," which aims to
minimize the transition time between quantum states by optimizing
the system’s evolution under a time-dependent Hamiltonian.

An interesting study exploring the application of DP to the
brachistochrone problem [17] shows an implementation that ap-
proximates the ideal trajectory through a discrete grid, highlighting,
however, the limitations of DP. In particular, it was observed that
more refined grids result in instability and larger errors, moving
the solution away from the exact cycloidal curve. The authors claim
that this stability problem makes DP less suitable for the brachis-
tochrone compared to continuous methods of optimal control and
the calculus of variations, which offer greater accuracy and compu-
tational efficiency for continuous trajectories.

Several studies have used discretization techniques and DP. How-
ever, despite the advances, no work has been found in the literature
so far that focuses entirely on solving the brachistochrone problem
through pure DP. Although the works of [5], [13], and [21] have
proposed a unified framework to solve the problem, they do not
fully explore the potential of DP as the main method.

To address these limitations, this paper proposes a novel solution
based entirely on pure DP to solve the brachistochrone problem.
One of the main benefits of this approach is to make it easy to add
constraints to the problem, such as obstacles included along the
curve or the insertion of uncertainty into the problem. Pure DP not
only allows such flexibility but also simplifies code implementation.
Moreover, the developed code can be easily reused in different
scenarios, making this approach particularly efficient. Unlike what
was suggested in previous studies, which indicated that pure DP
might not be efficient, this work aims to provide a balance between
flexibility and computational efficiency, offering a practical solution
to the problem of determining the brachistochrone curve.
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To provide a comprehensive understanding of the methodology
and results, this work is organized as follows. Section 2 presents and
details the formulation of the brachistochrone problem, which is
the focus of this project, as well as the discretization of the problem
using DP, a technique employed to generate approximate solutions.
Section 3 describes the computational experiments conducted in
this project, analyzing the performance of our implementation in
scenarios with varying grid resolutions, testing its behavior under a
restricted number of control actions, and examining cases involving
prohibited regions. Finally, Section 4 discusses the conclusions
drawn and outlines potential directions for future research. The
notation used in this work can be checked in Table 1.

X1, X2 Vertical and horizontal positions (scalars)
&, ér Start and end positions (vectors)

g Gravity (scalar)

T Time to travel (scalar)
x(t) Position at instant ¢, continuous time (vector)
x* () Optimal object trajectory (vector)

X Discrete state (vector)

U Control variable (vector)
u(t) Angle, continuous time (scalar)

X Continuous time problem domain (polytope in R?)

Xy Gridded space state (countable subset of X)
xi(s) Interpolated trajectories (vector)

S Subset of space state (subset of X)

C Cycloid (subset of X)
r, h, h Cycloid parameters (scalar)

N Time horizon (scalar)

k Time instant (scalar)

fe Dynamic constraint function

c(xg, ug) Cost function
en(xN) Terminal cost function
é Step value (scalar)
Uy Restricted control space (polytope in R2)
Vie () Value function
At Time variation (scalar)
As Space variation (scalar)
v Velocity (scalar)
Gl Average velocity (scalar)
Y Vertical distance relative to the starting point (scalar)
a Trajectory angulation (scalar)
n Number of points (scalar)

Table 1: Notation used in this work

2 Problem formulation and its approximation
via discrete DP

The Brachistochrone problem consists of minimizing the time T re-
quired for an object to travel between specified start and end points
within a uniform gravitational field, assuming energy conservation.
In addition, the direction of the object can be freely controlled. In
this paper, we constrain the object to move within a box of size
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10 X 10 meters!, represented by the set X = {0 < x; < 10,0 <
Xz < 10}), where x1 and x; refer to the horizontal and vertical posi-
tions, respectively, and compose the vector of position x = [x1 xz] "
The object starts at rest at the position & = [0 10]’ and ends at
&r = [10 0] ' These sizes and positions are configurable and can be
adjusted as needed. Formally,

min T

d
st. x(0) = &, x(T) = &7, d—)t‘(o) =0,
d%x(t) _ |gsin(u(t)) cos(u(t))

iz | —gsin®(u())
where x(t) € X is the position of the object at time instant ¢, and
u(t) is the angle with the horizontal line that the object is traveling
at time t.

This problem can be tackled using different approaches, such as
the variational method, leading to a well-known optima trajectory
that describes a cycloid in the state space [18]; we shall denote the
optimal solution by x*(t), and give details about the cycloid in
Appendix A.

In this paper, we are interested in a numerical solution using DP,
which is easy to implement in a computer and easy to extend for the
case with space constraints, as we shall see later on. Therefore, we
consider a classic, approximate discrete DP formulation, following
the literature on DP [2, 10]:

1)

N-1

. ) ’ )

o n Z c(xp, ug) + e (xN) ®)
s.t. x(0) = &, )
Xpe1 = f(xpug), k=0,1,...,N—1, (@)

where N is the time horizon, f : X — X is a given function
describing the dynamic constraints, c is the cost per stage, ¢y is
the terminal cost, and uy is the control action.

We use a restricted, gridded space state Xy C X, a regular grid
of n points in each axis, leading to a total of n® elements in the form

ool sl af [l e

where § = 10/n is a step value. As usual, we can expect that the
more points n, the better the solution, and the more it approaches
the optimal cycloid solution.

As for the decision variable uy, we decided to express it in the
form uy = [h v] " where h and v are the displacements in the verti-
cal and horizontal axis, respectively, leading to a simple dynamics

X1 = [ (X ug) = xp + ug. (6)

A restricted control space Uy is adopted, e.g.,

we(SLEEEEEL o

which corresponds to actions that make the object move from xg
to the closest neighbors in Xg (except moves to the left).

!All units in this paper are in the International System of Units (SI); positions are
expressed in meters [m].
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The DP algorithm for solving the above problem consists of com-
puting the so-called value functions V. backward in discrete time,
starting with Vi (xn) = ¢n(xn) and then the recursive relation

Vk(xk) = ill;g‘[ck(xk’ le) + Vk+1 (fk(xk> uk))]s k=N- 1> e O> (8)

which provides the optimal cost Vy(x) for (2). Also, by storing the
optimal uy in each stage of (8), we obtain a feasible control policy.

To make the above formulation a suitable discrete approximation
for (1), we set cy(é7) = 0 and cn(x) = oo, x # &7, as a way of
forcing x(N) = ér.

The cost function c is considered as the time taken to move
from one state to the other. As it is well-known in Physics [9], the
variation of time At from one point to another can be expressed as

2||xg1 — Xkl
0(Xg41) +0(xg)”
where v(x;) is the speed of the particle at position x, so that
(1/2)(v(x41) + v(xg)) is the average speed between the states.
To calculate the speed, let us denote x; = [xi, xx,]; applying

c(xp,u) = At =

conservation of energy, %mv(xk)2 = mgy, where y is the vertical
distance between the current state and the starting point, y =
10 — xg,, which lead to

0(xg) = 4/29(10 — x,).

Combining the above equations,
2||xpesr = Xkl
; ©)
V29(10 = X(k41),) + 4/29(10 — x,,)

Now, let us explore in more detail the relevance of a proper choice
for Uy. One common rule of thumb is to choose Uy as the smallest
set that allows for reaching the entire state space (within the time
horizon) starting from the initial condition &y; this would lead to the
above choice for Ug, which is of small cardinality and does allow
to reach any point in X (from the initial condition &). However,
this choice for Ug has a major drawback: it only allows for a
few angulations of the trajectory. To better explain this point, let us
define, for a given gridded trajectory x(k),0 < k < N, the linearly
interpolated trajectory x;(s),0 < s < N satisfying xj(k) = x(k)
and xi(s) = (s —k)x(k+1) + (1 —s+k)x(k), k <s <k +1; see an
illustration in Figure 2. Also, define the angulation of a trajectory
with the horizontal line as a(x(s)) = tan™! 32_8' With the above
Uy, a(xi(s)) only takes values in the set {—r, -7/2,0,7/2, 7}, as
illustrated in Figure 2. It is worth mentioning that the lack of diver-
sity of angulations of the interpolated solution, as explained above,
does not mean that we are not able to approximate the optimal,
cycloid solution in some senses, for example, in the “visual sense”
illustrated in Figure 3 and its detail in Figure 4, where we adopted
n = 1000, corresponding to § = 0.01 [m]. However, the illustrated
trajectories are not similar in terms of the most relevant aspect:
time to travel between points & = [0; 10] and &7 = [10; 0], which
is approximately 1.842952 seconds in the optimal solution (x* (%))
versus approximately 2.004831 seconds in the approximated solu-
tion x;(s). This issue persists with different n (different grids for
the space state), as explained in Appendix B, where the heuristic
we have used to find the approximate x;, shown in Figure 3, is also
explained. In order to mitigate the issue of the lack of angulation

(o, ug) =




COTB’25, April 02-05, 2025, Itajai, SC, Brasil

Figure 2: A portion of the state space X and its subset Xz based
on n points (white circles). The dot-dash red line represents
the optimal solution x* and the blue line is the interpolated
solution x;. The angulations of these trajectories are also
illustrated at the same point in the grid.

10 {50 @  Start and End Points
— (1)

— 2(s)

Figure 3: Complete state space X containing the initial and
terminal points [0; 10] and [10; 0]. The optimal solution x* ()
(red, continuous line) and an approximated, interpolated
solution x;(s) (blue, dash-dot) with Uy as given in (5). The
trajectories are almost completely overlapping, making the
red curve difficult to see.

explained above, we choose a larger set of control actions. In this
paper, we have considered

e[S S o

Next, we will describe the computational experiments done to
evaluate our approach and report its results.

3 Computational experiments

The experiments were performed on a machine equipped with 32
GB of RAM (3200 MHz CL 18) and an AMD Ryzen 5 5600x CPU
running at stock settings (6 cores, 12 threads, 4.6 GHz frequency).

The developed DP approach was analyzed using the gridded
state space X with different numbers of points n; for simplicity,
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Figure 4: Detail of Figure 3 with a zoom of a portion of the
trajectories, now making evident that x*(¢) (red) and x;(s)
(blue) are different, and also confirming that the angulation
of the x;j(s) belong to the set {—x,—7/2,0, /2, }.

we shall refer to these sets as “n X n grids”, in this section. The grid
for the control actions is as in (10), and the time horizon is set as
N = 7. Regarding the computational complexity, the number of
times (8) is evaluated is n x n X N = n3/2, which is also proportional
to the execution time and memory size required.

The time for the object to travel from &, to 7 and the execution
times are shown in Table 2. The results indicate that the solution
quality improves significantly when increasing the grid resolution
from 20 X 20 to 100 X 100. However, further increases beyond
200 X 200 do not yield significant improvements in the precision
of the trajectory time, as illustrated in Figure 6. This suggests that
excessively high resolutions introduce additional computational
costs without relevant gains in solution quality, rendering larger
resolutions unnecessary for this problem.

Curve Time (seconds) | Exec time (seconds)
DP (10 x 10) 1.855791 <1
DP (20 x 20) 1.847736 <1
DP (50 X 50) 1.844821 <1
DP (100 x 100) 1.844038 2
DP (200 X 200) 1.843666 158+1
DP (500 x 500) 1.843542 265.6 + 8.9
DP (1000 x 1000) 1.843528 2136.6 £ 45.6
Cycloid 1.842952

Table 2: Results with control space Xy as in (10) and different
grids n X n. The code was executed 5 times for each grid in
order to calculate the execution time. The cycloid solution is
presented for comparison.

The interpolated trajectories x;(s) obtained by DP are illustrated
in Figure 5 and 6. In Figure 5, it is evident that as n increases (i.e.,
the grid becomes finer), the trajectories get closer to the cycloid, as
expected. In Figure 6, we observe excellent agreement between the
trajectory obtained with the 200 X 200 grid and the cycloid solution,
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highlighting the method’s accuracy. Finer grids, such as 500 X 500
and 1000 X 1000, were omitted because their curves practically
coincide with the cycloid.

10480 — 2:(s)(n = 10

)

2:(s)(n = 20)

— a(s)(n = 50)

s — ;(s)(n = 100)
— (1)

®  Start and End Points

Figure 5: Curves generated by DP with different grid configu-
rations (10 X 10, 20 X 20, 50 X 50, and 100 X 100) and the cycloid
solution x*(¢).

—— zi(s)(n = 200)
—- (1)
®  Start and End Points

Figure 6: Comparison of the curve generated by DP with
200 X 200 grid (purple) and the cycloid solution (black).
Curves obtained with higher resolution grids (500 X 500 and
1000 X 1000) are omitted, as they are indistinguishable from
the cycloid.

REMARK 1. Although we have already explained in Section Il that a
low-resolution grid for the control space Uy as in (7) does not properly
approximate the necessary angulations for the trajectory, we decided
to perform experiments with it just to confirm this statement. Results
are given in Table 3, showing that the obtained times do not approach
the optimal solution (approximately 1.8429) even when we use high-
resolution grids for the state space, as in the case withn = 500. Figure 7
illustrates results with n = 200, quite discrepant from the cycloid.
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It is perhaps worth mentioning that PD ensures that these results
are optimal in a certain sense: they do minimize the travel time when
actions are constrained to the low-dimensional Uy in (7) (that is, when
the particle / object has a few possible angulations) and the object has
to satisfy the gridded state space. They do not approach the cycloid
because, in its context, the object is free (subject to no constraints).

Curve Time (seconds) | Exec time (seconds)
DP (20 X 20) 1.897302 <1
DP (50 X 50) 1.896857 <1
DP (100 X 100) 1.896788 <1
DP (200 X 200) 1.896788 3
DP (500 x 500) 1.896785 482+ 1.3
Cycloid 1.842952

Table 3: Results with control space U as in (7) and different
grids n X x. The code was executed 5 times for each grid in
order to calculate the execution time. The cycloid solution is
included for comparison.

—— zi(s)(n = 200)
z*(t)
® Start and End Points

Figure 7: Curve generated by DP with 200 X 200 grid and U
as in (7) (control actions reduced to the nearest neighbor),
compared to the cycloid solution. This configuration demon-
strates how a proper choice for Uy is key for approaching

x*.

3.1 Incorporating barriers in the state space

The DP approach demonstrates exceptional flexibility when applied
to environments with spatial constraints, such as forbidden regions
of the state space. These are critical for simulating real-world sce-
narios, e.g., avoiding obstacles in robotics [3, 15] or restricted air
spaces in aerospace trajectory planning [20]. The computational ex-
periment conducted below highlights DP’s ability to navigate these
challenges effectively while maintaining the goal of minimizing
travel time.

Here we consider Xg with n = 500 points. Initially, we computed
the trajectory without considering any obstacles, resulting in a path
that closely approximated the ideal cycloidal curve with 1.84354
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seconds. The forbidden regions were then introduced by marking
specific grid cells as “forbidden”, simulating spatial constraints. The
DP algorithm remains essentially unaltered (we only change Xj),
and generated a new solution with travel time 1.89359, which is
quite similar to the optimal travel time obtained before. This step-
wise introduction of obstacles underscores the robustness of DP in
adapting to environments where constraints often emerge unpre-
dictably. Figure 8 illustrates this process, comparing the original
trajectory, computed without constraints, to the recalculated path
that avoids a forbidden region. The new optimal trajectory smoothly
detours around the restricted zone. This shows the DP’s capacity to
integrate both local and global cost optimizations effectively, even
when faced with abrupt changes in the environment.

1040

x.i(s) (n=500)

—— i(s)(n = 500) with obstacle
Bl Obstacle

84 ® Start and End Points

Figure 8: Adaptation of the brachistochrone trajectory to
avoid forbidden regions.

Despite the recalculated trajectory being able to successfully
avoid the forbidden region, a closer examination reveals an impor-
tant consideration related to interpolation and trajectory represen-
tation. As shown in Figure 9, zooming in the vicinity of the obstacle
reveals that the straight-line interpolation between consecutive
trajectory points might appear to cross into the restricted area. This
visual artifact, however, is misleading. The actual trajectory points,
computed via DP, remain strictly outside the forbidden region, ad-
hering to all constraints. Considering the approximate, gridded
DP approach in this paper, we implemented a verification step to
ensure that the line segment connecting two trajectory points does
not intersect the forbidden region, thereby enhancing the realism
and robustness of the trajectory representation.

The recalculated trajectories produced by DP demonstrate effi-
cient detours that preserve the overall quality of the solution. For
example, when a forbidden region was placed directly along the
original trajectory, the DP algorithm recalculated an alternative
path that bypassed the obstacle with minimal additional travel time.

This adaptability has significant practical implications. In robot-
ics, mobile units operating in dynamic environments, such as auto-
mated warehouses, must avoid static obstacles like shelving units
and dynamic ones like other robots [3, 15]. Similarly, in aerospace
trajectory planning, avoiding zones of space debris or gravitational
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—8— ;(s)(n = 500) with obstacle
BN Obstacle

0.99

0.84

0.74

0.6 T T T T
3.90 3.95 4.00 4.05 4.10 4.15 4.20
£

Figure 9: Zoomed view of the trajectory near the forbidden
region.

anomalies is essential while optimizing fuel efficiency[19, 20]. Un-
like continuous optimization methods, which often require recalcu-
lating the entire solution, DP offers the advantage of recalibrating
specific trajectory segments efficiently as constraints evolve.

These results highlight DP’s versatility in generating feasible and
efficient paths, even in environments with dynamic and complex
constraints [19]. The experiments conducted in this study illustrate
the potential of DP to solve not only theoretical problems, such as
the brachistochrone, but also practical challenges in constrained
and dynamic scenarios.

4 Concluding remarks

In this paper, we have presented a successful application of the DP
approach to the Brachistochrone problem, including some cases
with obstacles in the state space. As expected, when there are no
barriers, the solution approaches the well-known cycloid solution
when the number of points in the gridded state space Xg increases,
as expected.

The cardinality of the control action space U plays a central role
in the success of the DP approach, and surprisingly, this approach
has never been properly addressed in the literature, to the best
of our knowledge. As we have found out in the experiments and
explained in Section 2, it is not enough to pick a U that allows
reaching every point of X (as in (7)); a larger set as in (10) has to be
used to give a suitable “diversity of angulations” of the trajectory,
to approach the optimal Brachistochrone solution.

The extension of the brachistochrone problem to the case with
barriers, which was studied in Section 3.1, showed that DP performs
even better with restricted state space (in terms of execution time).
Future work will analyze cases with intermittent and stochastic
barriers, as well as stochastic perturbations in the trajectory and
control, which can be found in real-world applications. Stochastic
scenarios like these require the evaluation of the expectation of
the value function; depending on the case and distribution of the
random variables involved, the additional complexity may vary
from a simple change in the formula of the cost per stage c(-,-) to
the incorporation of one additional loop in the DP algorithm to
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estimate the expected value of the value function, in which case
the user may control the accuracy of the estimate for establishing
a trade-off between optimality and computational complexity.
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A The optimal solution x*(t)
Let us denote by S € X the set traced by the particle when traveling
in shortest time from & to &r; this set can be characterized as
follows. A cycloid is given by C = {[& +r(h—sen(h)), &, —r(1—
cos(h))]’,r 20,0 < h < 2r}; we select r, hto satisfy the end point,
&ry =& + r(fl - sen(ﬁ)), Erg = &y —r(1 - cos(fz)) (which can
be done, e.g., using Newton’s method as explained later in this
Appendix); finally, the optimal trajectory x* (¢) belongs to the set
S = {[&; +r(h - sen(h)), &9y — r(1 = cos(h))]’,r = 0,0 < h < h}.
Note that this gives the region S formed by the optimal trajectory
parameterized by h, not by t, for instance, x} (t) # &, +r(h—sen(h))
in general. For finding x* (t), we either discretize the interval 0 <
h < h or discretize x; axis and obtain the corresponding xs.

To obtain the values of r and h, we built a non-linear system of
equations using &y and &7:

{ rth = sen(h) + &, - & =0
-r(1 - cos(h)) + &, - & =0

Such system of equations can be easily solved using Newton’s
method for a system of non-linear equations, where f(r, ﬁ) = r(ﬁ -
sen(fl)) + &, — &7, and g(r, fl) =-r(1- cos(ﬁ)) + &, — &1, =0,and
we use the Euclidean norm of [rj,1 — rg, hgs1 — hy] as a stopping
criterion.

of  of .
o gh || T T f(rie. hye)
% S| Lhiear = i 9(ric, hie)

After finding the value of r we can draw the curve, discretizing
the x1 axis, then finding its corresponding value of h applying the
fixed point method on f'(h) = r(h—sen(h))+&, —&r, and applying it
ong(h) = —r(1-cos(h))+&, — &1, = 0, creating a list of coordinates
which approximate the curve. We have implemented this method
in the Python programming language to get the parameters for
the cycloid, draw the curve, and calculate the time it would take
for a particle to go through it using the same method used in DP,
therefore finding x* (¢).

B Direct neighborhood heuristic

We present here a heuristic method for finding a “visual approxima-
tion” for the cycloid solution x*, which was employed in Section 2
(in particular, for obtaining Figures 3 and 4). After presenting the
heuristic, we give some results in Table 4 and a brief discussion.

The algorithm is as follows Start at £ and compute the distances
from the curve S (defined in Appendix A) to the following points:
1) the point to the right of &y, 2) the point below &, and 3) the point
on the right-below diagonal to &. Then, move to the point closest
to the curve S among these three candidates. Note that these points
are elements of the grid Xg.

We used grids of 10 X 10, 100 X 100, 1000 X 1000 and 2000 X 2000
to illustrate how refining the grid does not help to approximate the
cycloid solution x*. Results are summarized in Table 4 and show
that more points not only fail to approximate x* but also degrade
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Curve Time (seconds)
Newton’s method cycloid 1.842952
Heuristic method (1m interval) 1.919449
Heuristic method (0.1m interval) 1.957759
Heuristic method (0.01m interval) 2.004831
Heuristic method (0.005m interval) 2.049348

Table 4: Results of the implemented heuristic method
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travel time. This behavior arises from the limitations of the defined
control action Uy as explained in Section 2.

The heuristic given above was implemented in Python and is
available in our GitHub repository (https://github.com/Programacao-
Dinamica-SME5979-2024-2/Brachistochrone-curve). Results are il-
lustrated in Table 4, which makes clear that a solution that “visually
approaches” x* does not necessarily provide small travel time, in
fact, larger n makes the travel time worse.


https://github.com/Programacao-Dinamica-SME5979-2024-2/Brachistochrone-curve
https://github.com/Programacao-Dinamica-SME5979-2024-2/Brachistochrone-curve
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